In this paper we describe various limited-stretch models of nonlinear rubber elasticity, each dependent on only the first invariant of the left Cauchy-Green strain tensor and having only two independent material constants. The models are described as limited-stretch, or restricted elastic, because the strain energy and stress response become infinite at a finite value of the first invariant. These models describe well the limited stretch of the polymer chains of which rubber is composed. We discuss Gent's model which is the simplest limited-stretch model and agrees well with experiment. We then discuss various statistical models, the one-chain, three-chain, four-chain and Arruda-Boyce eight-chain models, all of which involve the inverse Langevin function. A numerical comparison between the three-chain and eight-chain models is provided. Next, we compare various models which involve approximations to the inverse Langevin function with the exact inverse Langevin function of the eight-chain model. A new approximate model is proposed that is as simple as Cohen's original model but significantly more accurate. We show that effectively the eight-chain model may be regarded as a linear combination of the neo-Hookean and Gent models. Treloar's model is shown to have about half the percentage error of our new model but it is much more complicated. We introduce for completeness a modified Treloar model but this is only slightly more accurate than Treloar's original model. For the deformations of uniaxial tension, biaxial tension, pure shear and simple shear we compare the accuracy of these models, and that of Puso, with the eight-chain model by means of graphs and a table. Our approximations compare extremely well with models frequently used and described in the literature, having the smallest mean percentage error over most of the range of the argument.
Introduction
In this paper we discuss several models of rubber elasticity, some based on positing a form of the strain energy function, some based on statistical mechanical considerations of the polymer chains of which rubber is composed and others based on approximations to the statistical mechanics models. Since the statistical mechanics models involve only the first invariant I 1 of the left Cauchy-Green strain tensor we consider here only such models. The simplest statistical model is based on Gaussian statistics and leads to the well known neo-Hookean strain energy function which depends linearly on I 1 and on only one material constant, the shear modulus. It is a feature of rubber elasticity that when a specimen of rubber is stretched in any direction a maximum stretch is reached, corresponding to the polymer chains being stretched to their maximum extent. We model this property by requiring the stress response and strain energy to become infinite as this maximum stretch is reached. Such a model of rubber elasticity is said to be a limited-stretch, or restricted elastic model. All the other models we discuss are of this type and, furthermore, depend on only two material constants, a shear modulus and the value I m of the first invariant when maximum stretch is reached.
We consider the strain energy and stress response for each of the following models: Gent [10] , Beatty [3] , Van der Waals [18] and Warner [26] . None of these is directly related to statistical mechanics but each has limited stretch and depends on only two elastic constants.
More sophisticated statistical modelling also leads to limited-stretch models with two elastic constants, each depending on the inverse Langevin function and deriving its limitedstretch behaviour from the singularity of this function. Kuhn and Grün [19] used statistical mechanics to derive an expression for the strain energy function of a single polymer chain which involved the inverse Langevin function. A similar approach has been used to develop network models based on cell structures, including the James and Guth [17] three-chain model, the Wang and Guth [25] four-chain model and Arruda and Boyce [1] eight-chain model. Wu and van der Giessen [27] presented a full network model. When using any of the above models an approximation to the inverse Langevin function is usually required. We discuss here several models based on such approximations: Taylor series methods, Cohen's [8] model, a new model, Treloar's [24] model, a modified Treloar model, Puso's [21] model, Indei et al. ' s [14] model and models based on the additive removal of the real singularities of the inverse Langevin function.
Perhaps the simplest approximations are obtained by truncating the Taylor series. Itskov et al. [15] and Itskov et al. [16] use such methods but many terms of the Taylor series are needed to approach convergence and convergence is, in any case, poor as the interval of convergence of the Taylor series is smaller than the interval upon which it is required. Most approximations involve the Taylor series in one way or another, usually by means of Padé approximants or further approximations to these. Such methods may be used to capture correctly the real singularities of the inverse Langevin function. Cohen [8] derived an approximation based on the [ Zúñiga and Beatty [28] and Beatty [2] describe the James and Guth [17] three-chain model, the Arruda and Boyce [1] eight-chain model and the Wu and van der Giessen [27] full network model. Beatty [3] discuses the derivation of the Cohen [8] , Treloar [24] and Horgan and Saccomandi [13] approximations and concludes that the approximation of Treloar [24] is the most accurate over the entire range of its argument. Boyce [5] directly compares the Gent and eight-chain models concluding that the eight-chain model gives a better interpretation of the physics of the polymer chain network, though both models provide excellent agreement with experimental data. This paper is structured as follows. In Section 2 we define the Cauchy stress for an incompressible isotropic elastic material and specialize to the case where the strain energy depends only on the first invariant, I 1 , of the left Cauchy-Green strain tensor. We derive expressions for the stress in the following four homogeneous deformations: uniaxial tension, biaxial tension, pure shear and simple shear. In Section 3 we discuss several models for limited-stretch rubber elasticity that are dependent on the first invariant only. These models are: the neo-Hookean, Gent, Beatty, van der Waals and Warner models. The stress response and strain energy are given for each model. In Section 4 we define the Langevin function and its inverse L −1 (x) and present series expansions for them. We introduce a reduced inverse Langevin function f (x) which consists of the inverse Langevin function L −1 (x) with its simple poles removed by multiplying them out. A series expansion for f (x) is also given. In Section 5 we describe several models of limited-stretch rubber elasticity which are based on the inverse Langevin function, namely, the single-chain, three-chain, eight-chain and four-chain models. We note also in this Section that Beatty [2] demonstrates an alternative derivation of the eight-chain model without reference to the eight-chain cell structure. We conclude this Section with a numerical comparison between the three-chain and eight-chain models. In Section 6 we discuss several models which are based on approximations to the inverse Langevin function. The first model consists of various truncations of the power series of L −1 (x). This series and the series for f (x) play an important role in the further models introduced, namely, those of Cohen, a new model, Treloar's model, a modification of Treloar's model, Puso's model, Indei et al.'s model and a model based on the additive removal of the real singularities of L −1 (x). For most of these models we present the stress response and strain energy. We show that to a high degree of accuracy the eight-chain model may be regarded as a linear combination of the neo-Hookean and Gent models. In Section 7 we give a numerical comparison of the various models, taking as reference the Arruda-Boyce [1] eight-chain model. We first provide a graphical comparison of the neo-Hookean, Gent, Beatty, van der Waals and Warner models with the Arruda-Boyce eight-chain model, comparing the stress responses and strain energies. We then proceed to compare graphically Cohen's model, the new model, Treloar's model and the modified Treloar model with the Arruda-Boyce eight-chain model. We consider the stress response, the strain energy and each of the four homogeneous deformations discussed in Section 2. We also give the mean percentage errors for all these quantities in a table. Finally, there is a discussion of the results in Section 8.
Four homogeneous deformations
The Cauchy stress in an incompressible isotropic elastic material is given by
where p is an arbitrary pressure and B = FF T is the left Cauchy-Green strain tensor with F denoting the deformation gradient. The response functions are given in terms of the strain energy W by
where I 1 = tr B and I 2 = tr B −1 are the first two principal invariants of B. Because of incompressibility the third principal invariant is given by I 3 = det B = 1. We are assuming no dependence on I 2 and so must take β −1 = 0 and β = β(I 1 ). Therefore, throughout this paper, the Cauchy stress (1) reduces to
where the stress response β is given by Eq. (2) 1 . A method alternative to Eq. (3) of designating the stress in an incompressible isotropic elastic material is to take the strain energy to be a symmetric function of the principal stretches, W = W (λ 1 , λ 2 , λ 3 ), and observe that the principal Cauchy stresses are given by
in which the principal stretches are denoted by λ j , for j = 1, 2, 3. In terms of the principal stretches we have
We now examine four different homogeneous deformations and in each case compute the stress in terms of the largest principal stretch λ > 1 and the response function β.
Uniaxial tension
We consider a uniaxial tension in the 1-direction with corresponding principal stretch λ 1 = λ > 1, so that incompressibility forces the other two principal stretches to be λ 2 = λ 3 = λ −1/2 . We take p = λ −1 β to ensure the vanishing of the lateral stresses and then the only non-zero stress is the uniaxial tension
Biaxial tension
We consider a biaxial tension with equal principal stretches λ 1 = λ 2 = λ > 1 in each of the 1-and 2-directions. Incompressibility forces the third principal stretch to be λ 3 = λ −2 . We take p = λ −4 β to ensure that T 33 = 0 and then the only two non-zero stresses are the (equal) biaxial tensions in each of the 1-and 2-directions, given by
2.3. Pure shear We consider the pure shear deformation λ 1 = λ > 1, λ 2 = 1, λ 3 = λ −1 and take p = λ −2 β so that T 33 = 0. Then the largest stress is
The only other non-zero stress is T 
Simple shear
We consider the simple shear deformation with deformation gradient
where γ > 0 is the amount of shear. With λ > 1 denoting the largest principal stretch it can be shown that
We take p = β so that T 33 = 0 and, because β −1 = 0, it follows also that T 22 = 0. Then the only non-zero stresses in this simple shear are
so that I 1 is the same as for pure shear, as expected. If λ > 1 both these stresses are positive but if we allow λ < 1 then T ss 12 (λ) becomes negative as γ < 0. The generalized shear modulus is defined from Eq. (9) by
since β −1 = 0 here, as there is no dependence on I 2 .
Some models for limited-stretch rubber elasticity
We introduce the dimensionless material constant I m which is the largest value the principal invariant I 1 can take. This value occurs when the polymer chains have been fully extended to their maximum length. Therefore, I 1 is restricted by
Beatty [2, Eq. (7.
3)] showed that
where N is the number of links forming a single polymer chain.
Apart from the neo-Hookean, all the strain energy functions we consider depend on only two material constants, a shear modulus µ, and the number of links N in a polymer chain, which usually appears through I m , the maximum value of the first principal invariant I 1 , see Eq. (12) .
For future convenience we introduce the new variable
x 0 being the value of x in the undeformed state, where I 1 = 3. Let the stress response be denoted by β when a function of I 1 , and byβ when a function of x:
From Eq. (10), the ground state shear modulus, µ 0 , is equal to the response function β evaluated in the undeformed state I 1 = 3 or, equivalently, x = x 0 :
If the stress response β is known the strain energy function W may be obtained by integrating Eq. (2) 1 to give
where I 1 = I m x 2 has been used in the second integral.
Neo-Hookean model
The neo-Hookean strain energy is given by
leading to the constant response function
where µ 0 = µ is the ground state shear modulus, see Eq. (14) . It is the simplest possible strain energy for finite deformations in incompressible isotropic elasticity and has some degree of agreement with experiment for small to moderate strains. The neo-Hookean model can be derived by applying Gaussian statistics to the long molecular polymer chains that make up rubber. This strain energy and stress response do not become infinite for any finite value of I 1 and so this is not a restricted elastic material.
Gent's model
In Gent's model [10, Eq. (3) ] the strain energy is
leading to the response function
From Eqs. (14) and (19) 1 , we see that µ 0 = µ is the ground state shear modulus. Both strain energy and stress become infinite as I 1 → I m so that the Gent material is a restricted elastic material. As I m → ∞, with I 1 remaining finite, the Gent strain energy and stress response reduce to those of the neo-Hookean material.
Beatty's model
Beatty [3, Eq. (6. 2)] has proposed the following model for the response function
where µ 0 = µ is the ground state shear modulus, leading to the strain energy
Both strain energy and stress response become infinite as I 1 → I m , so that this is a restricted elastic material. As I m → ∞, the Beatty model reduces to the neo-Hookean model.
Van der Waals' model
In the van der Waals model, developed by Kilian [18] , see also [3, Eq. (5.
2)] and [13, Eqs. (24) and (25)], the strain energy is given by
in which µ 0 = µ is the ground state shear modulus. Once again, both strain energy and stress response become infinite as I 1 → I m , so that this is a restricted elastic material. As I m → ∞, this model also reduces to the neo-Hookean model.
Warner's model
In his model for dilute suspensions of finitely extendible dumbells, Warner [26, Eq. (4)] effectively proposed the response function for nonlinear elasticitŷ
so that here the ground state shear modulus is given by µ 0 = (1 − 3/I m ) −1 µ from Eqs. (14), (24) and (13) . The stress response (24) leads to the associated strain energy
This strain energy can be written as a multiple of Gent's strain energy (18):
an equivalence noted by Gent [11, following Eq. (6)].
The Langevin and inverse Langevin functions
We have seen that a simple Gaussian statistics approach to rubber elasticity results in the neo-Hookean strain energy (16) . A more sophisticated, non-Gaussian, statistical approach may be used to model nonlinear rubber elasticity when the limited maximum stretch of the polymer chains is taken into account. This approach involves the inverse Langevin function. The Langevin and inverse Langevin functions are defined, respectively, by x = L (y) = coth y − 1/y and y = L −1 (x) (27) and the latter is illustrated in Figure 1 . The Langevin function has Taylor series
and the inverse Langevin function has Taylor series
Itskov et al. [16] describe an efficient method for calculating the Taylor series for an inverse function and use it to calculate the inverse Langevin function to 500 terms, the first 59 being presented in their paper. We can remove the singularities of L −1 (x) at x = ±1 by considering instead the reduced inverse Langevin function f (x) defined by
and illustrated in Figure 2 . We cannot deduce the limit lim x→±1 f (x) directly from the series expansion because this is not convergent as x → ±1. Instead, using the fact that x = L (y) = coth y − 1/y, we write
because only the terms coth y → ±1 make a non-zero contribution to the limit. Viewed as a function of the complex variable x, the inverse Langevin function L −1 (x) has a simple pole at x = 1 with residue
which can be deduced from the limit (31). Similarly, there is a simple pole at x = −1, also with residue −1. These are the only real singularities of the inverse Langevin function. The reduced inverse Langevin function f (x) has no real singularities. Itskov et al. [16] calculate the radius of convergence of the power series (29) to be approximately 0.904. Since the only real singularities of L −1 (x) are the simple poles at x = ±1, this function must have further, complex, singularities within the unit circle, at a distance 0.904 from the origin. The series (30) for f (x) also has radius of convergence 0.904. 
Limited-stretch models using the inverse Langevin function
Rubber is regarded as being composed of cross-linked polymer chains, each chain consisting of N links, each link having length l. The distance between the two ends of the chain before deformation is denoted by r 0 and the distance between the two ends of the chain when fully extended is denoted by r L , known as the chain locking length. The distance between the two ends of the chain after deformation is termed the chain vector length and is denoted by r chain . Therefore,
The two parameters N and l are related to the chain vector lengths r L and r 0 by
the former being a geometrical relationship and the latter being derived by statistical considerations. The chain stretch is defined by λ chain = r chain /r 0 and the fully extended chain locking stretch is defined by λ L = r L /r 0 . From Eq. (34), we see that λ L = √ N . The relative chain stretch, denoted by λ r , is defined to be the ratio of the current chain vector length r chain to its fully extended length r L . Therefore, using Eq. (34), we have
From Eqs. (33)- (35) we can deduce that λ r is restricted by
5.1. Single-chain model Kuhn and Grün [19] derived an expression for the strain energy function of a single polymer chain. We quote here Beatty's equivalent expression for the strain energy per unit volume, see Beatty [2, Eqs. (2.5), (2.7), (3.4) and (2.1)]:
where λ r is defined by Eq. (35) and h 0 is a constant chosen here, and throughout, so that W = 0 in the reference configuration. See also Wu and van der Giessen [27, Eq. (1)].
Three-chain model
The original three-chain model of James and Guth [17] is based on three independent polymer chains, each with the same initial chain vector length, and each parallel to an axis of an orthogonal Cartesian coordinate system. The James and Guth [17] strain energy for this three-chain system may be written as
where
see Beatty [2, Eq. (3.
2)]. The λ j , for j = 1, 2, 3, denote the principal stretches along the coordinate axes. The parameter N 3 is the number of links in each chain of the three-chain model and, as such, is formally the same as the parameter N occurring in other models. However, to achieve good agreement between the three-chain model and the eight-chain model, discussed below, we have to allow N 3 and N to be different. This is discussed in more detail in Section 5.5. The strain energy (38) has been multiplied by a factor of 1/3 to ensure the three-chain network model has same total entropy as the single-chain network model, see Treloar [24, page 114] for further discussion.
If we approximate
, from the series (29), in Eq. (38) we find that in the limit N 3 → ∞ the strain energy (38) becomes the neo-Hookean strain energy, as expected.
For finite N 3 , the strain energy (38) becomes infinite as α j → 1, i.e., as λ j → √ N 3 , so that the three-chain model is a limited-stretch model of rubber elasticity. Each principal stretch λ j is separately limited by the value √ N 3 . Because Eq. (38) is a symmetric function of the principal stretches, and therefore represents an isotropic elastic material, we may use the strain energy (38) in Eq. (4) to give the principal stresses for the three-chain model: In the last two references we must assign the authors' parameter κ the value κ = 1/ √ N 3 in order to obtain the agreement of their stresses with Eq. (40).
Eight-chain model
Consider a cube of side 2a centred on the origin with edges parallel to the coordinate axes. In the Arruda-Boyce [1] eight-chain model of rubber elasticity, each of the eight vertices (±a, ±a, ±a) of the cube is joined to the origin by a polymer chain. We suppose that each of the eight identical chains has initial chain vector length r 0 , given by Eq. (34) 2 , so that by geometry the length a satisfies
If the deformation of the elastic material is triaxial, with principal stretches λ j for j = 1, 2, 3 in directions parallel to the edges of the cube, then the cube deforms into a cuboid with sides 2λ 1 a, 2λ 2 a and 2λ 3 a. All eight chains now have the same chain vector length r chain given by
using Eqs. (5) and (41). The relative chain stretch λ r and the chain stretch λ chain are given by 
Using Eq. (15), we can integrateβ 8ch above in order to find the strain energy
The integration is carried out using the general formula for the integral of an inverse function y = f −1 (x), easily proved by integration by parts:
see, for example, Parker [20] . On approximating L −1 (x) ≈ 3x + 9x 3 /5 from the series (29) in Eq. (45), we find that as I m → ∞ the strain energy (45) becomes the neo-Hookean strain energy, as expected.
The stress response (44) and strain energy (45) become infinite as x → 1, i.e., as I 1 → I m , for finite I m , so that the eight-chain model is a limited-stretch model of rubber elasticity.
From Eqs. (14) and (44), the ground state shear modulus is µ 0 = µ L −1 (x 0 )/3x 0 where x 0 is the ground state value of x, defined at Eq. (13) . For the value I m = 60 employed in our numerical work later we find that µ 0 is close to µ; in fact, µ 0 ≈ 1.03µ.
There is a close connection between the single-chain and eight-chain models: replacing λ r in the single-chain strain energy (37) by x, from Eq. (43) 44) holds in general for an average stretch, full-network model of arbitrarily oriented molecular chains. Therefore, the eight-chain cell structure is unnecessary.
Four-chain model
The Wang and Guth [25] four-chain model of rubber elasticity is based on a regular tetrahedron in which each vertex is joined by a polymer chain to the centre of the tetrahedron. However, it is a fact that a regular tetrahedron can be embedded in a cube with its four vertices coinciding with four of the vertices of the cube. For example, the four vertices (a, a, a), (a, −a, −a), (−a, a, −a), (−a, −a, a) of the Arruda-Boyce cube of side 2a form a regular tetrahedron with each edge of length 2 √ 2a. The centre of this tetrahedron coincides with the centre of the cube, at the origin. Therefore, the four chains that link the four vertices of this tetrahedron to its centre coincide with four of the eight chains of the eight-chain model. It follows that the four-chain model is entirely equivalent to the eight-chain model, as stated by Beatty [2] and Zúñiga and Beatty [28] .
Because of the equivalence of the four-chain and eight-chain models, the four-chain stress response is identical to the eight-chain stress response, given by Eq. (44), and the four-chain strain energy is identical to the eight-chain strain energy, given by Eq. 
Numerical comparison of the three-chain model with the eight-chain model
We have already mentioned the fact that in order to obtain good agreement between the three-chain and eight-chain models we have to permit the number of links per chain N 3 in the three-chain model to be different from N , the number of links per chain in the eight-chain model. In order to obtain the closest possible fit between the three-chain strain energy (38) and the eight-chain strain energy (45) we must ensure that the singularities of the dominant inverse Langevin function of Eq. (38) and the inverse Langevin function of Eq. (45) both occur at the same stretch, which is the maximum possible stretch.
We now derive connections between N 3 and N for various types of deformation, see Zúñiga and Beatty [28, Appendix A.2] for uniaxial tension and compression. In uniaxial tension the largest stretch is λ 1 = λ > 1 with the smaller stretches given by λ 2 = λ 3 = 1/ √ λ. Taking α j = λ, the greatest stretch, in Eq. (39) and x = I 1 /I m , from Eq. (13) 1 , the theoretical best fit between the two models occurs when
Uniaxial tension and compression
where Eqs. (6) 2 and (12) have also been used. We see that λ = √ N 3 = λ L , the chain locking stretch, is the maximum possible stretch. From the last equation of Eq. (46), we obtain a relation connecting the three-chain and eight-chain models in uniaxial tension:
In later numerical work we take I m = 60 so that N = 20 from Eq. (12) . From Eq. (47), we see that N 3 ≈ 59.7 if N = 20.
In a uniaxial compression, with uniaxial stretch λ 1 = λ < 1, the greatest stretches are λ 2 = λ 3 = 1/ √ λ, in the lateral directions. In this case Eq. (46) is replaced by
so that now λ = 1/N 3 . The largest possible stretch is
= λ L , the chain locking stretch, as for uniaxial tension. Arguing as before we obtain a relation connecting the three-chain and eight-chain models, this time in uniaxial compression:
so that now N 3 ≈ 30 if N = 20. See Figure 3 (a).
Biaxial tension and compression
For a biaxial deformation I 1 = 2λ 2 + λ −4 , see Eq. (7) 2 . In biaxial tension the two largest stretches are λ 1 = λ 2 = λ. In this case Eq. (46) is replaced by and leads to the relation: 
Simple shear
In simple shear we have seen that the amount of shear γ and the largest principal stretch λ satisfy the relation γ = λ − λ −1 , which can be solved for λ:
In this case Eq. (46) is replaced by
where Eq. (9) 3 has been used. Arguing as before gives
Using this last relation in the last of Eqs. (50) then leads to Eq. (49) in simple shear, the same as for pure shear. This is not surprising as the one is simply a rotation of the other. See Figure 4 (b). Figures 3 and 4 demonstrate the excellent correlation between the Arruda-Boyce and the James-Guth models. However, the Arruda-Boyce model is easier to implement and the number of links per polymer chain N is the same for all deformations, whereas for the James-Guth model uniaxial and biaxial deformations require a different number of links N 3 in compression and extension. This would not be expected experimentally. 
Models based on approximations to the inverse Langevin function

Power series methods
Our first approximations to the inverse Langevin function are obtained simply by truncating its power series expansion (29), see for example [4] and [7] . Itskov et al. [16] estimate the radius of convergence of the power series to be 0.904. Because this radius of convergence is less than unity, the power series is unable to capture correctly the behaviour close to x = ±1, as illustrated in Figure 5 .
All the models which follow are based on approximations to the inverse Langevin function. Many of them employ Padé approximants which are defined as follows. The [M/N ] Padé approximant to a function F (x) in the neighbourhood of the origin is the (unique) rational function P M (x)/Q N (x), where P M (x) is a polynomial of degree M in x and Q N (x) is a polynomial of degree N in x (normalized so that Q N (0) = 1), chosen so that
see, for example, Hinch [12, pp 152-153] . In other words, the coefficients of P M (x) and Q N (x) must be chosen so that the Taylor series about x = 0 of P M (x)/Q N (x) matches exactly that of F (x) up to, and including, the term in x M +N . 
but we do not pursue this further as it does not have the required singularities at x = ±1, as noted in [13] .
Cohen's model
Cohen [8] showed that the
This does not have the required simple poles at x = ±1 and so Cohen further approximated by replacing each fraction by 1:
This approximation happens to have the same real singularities as the inverse Langevin function, namely, simple poles at x = ±1, each with residue −1. With the approximation (52), the response function isβ
so that µ 0 ≈ 1.035µ from Eq. (14) with I m = 60. From (15) , the strain energy is given by
This gives, for suitable choice of h 0 ,
which vanishes in the reference state I 1 = 3. This can be written, using the identity
as
From the definition (18) of the Gent strain energy we see that this becomes
so that Cohen's form of the strain energy is simply a linear combination of the neo-Hookean and Gent forms. It follows that Cohen's stress response is the same linear combination of the neo-Hookean and Gent stress responses:
New model
We wish to restrict attention to those approximations of L −1 (x) which have simple poles at x = ±1. Therefore, we approximate instead of L −1 (x), given by Eq. (29), the reduced inverse Langevin function f (x) defined by Eq. (30). On taking the first two terms of the series in Eq. (30) we obtain the approximation
which is very similar to Cohen's approximation (52). This approximation has simple poles at x = ±1 but with residues −9/10 instead of the correct −1. Using the approximation (57) gives rise to a new model with response function
so that µ 0 ≈ 1.032µ from Eq. (14) with I m = 60. The strain energy is
also a linear combination of the neo-Hookean and Gent forms. It follows that the stress response of new model is the same linear combination of the neo-Hookean and Gent stress responses:β
Gent .
We shall see that this new model is a very good approximation to the inverse Langevin model and so Eqs. (59) and (60) 
This does not have the required singularities at x = ±1 but Treloar's further approximation to this [24, Eq. (9.6d)], namely,
does have the required singularities. It gives rise to the stress response function
so that µ 0 ≈ 1.031µ from Eq. (14) with I m = 60. The strain energy is
Modified Treloar model
We wish to modify Treloar's model above so that it treats the singularities at x = ±1 exactly. If we wish to go as far as terms in 
leading to the approximation
which differs from Treloar's (62) 2 by only 1/175 in the coefficient of x 4 . The corresponding stress response isβ
so that now µ 0 ≈ 1.032µ with I m = 60, and the corresponding strain energy is 
leading to the response function, see [3, Eq. (5. 3)],
so that µ 0 ≈ 1.01µ with I m = 60. The strain energy, see [3, Eq. (7. 3)], is
see also [2, Section 9] . By expanding Eq. (69), first in partial fractions and then as a Taylor series, we obtain
where the first term captures exactly the pole at x = 1 and the rest is an infinite series. We may similarly subtract out the pole contribution at x = 1 from stress response (44) of the Arruda-Boyce eight-chain model to obtain
The pole term and the first two terms of the series are identical in Eqs. (71) and (72) which goes some way towards explaining the agreement between the two models.
Indei et al.'s model
Indei et al. [14, Eq. (13) ] proposed the following model to approximate the inverse Langevin function: We have considered models of rubber elasticity based on the reduced inverse Langevin function f (x) defined by Eq. (30) which was obtained by multiplying out the real singularities of the inverse Langevin function. Instead, we now decompose
in which the first term consists of the simple poles of L −1 (x) at x = ±1, each with residue −1, and the second term is
where each coefficient in (74) is exactly 2 less than the corresponding coefficient in (29). The function g(x) has no singularities at x = ±1 and has the same radius of convergence as the series (29) and (30). Taking only the first term of the series (74) gives the approximation
which has the correct behaviour as x → ±1 and L −1 (x) ≈ 3x as x → 0. In fact, this approximation is identical to the approximation (52) of Cohen's model. Formerly, Cohen's approximation (52) was derived in an ad hoc manner by rounding certain coefficients in the [3/2] Padé approximant of the inverse Langevin function but here we see it derived in a more rational manner. It now becomes clear why Cohen's model has exactly the right singular behaviour as x → ±1.
Taking the first two terms of (74) gives the approximation
and taking the the [1/2] Padé approximant of g(x) gives the approximation
However, it turns out that these two further approximations lead to models not much more accurate than Cohen's.
Numerical comparison of the various models
In Figures 6 and 7 we compare the stress response and strain energy, respectively, of those limited-stretch models of rubber elasticity which are not regarded as approximations to the Arruda-Boyce [1] eight-chain model or the neo-Hookean model of rubber elasticity, both of which are based on statistical mechanics. These models are those of Gent [10] , Beatty [2] , Van der Waals [2] and Warner [26] , which are discussed in Section 3.
The stress response β is depicted in Figure 6 for each of the following models: NeoHookean, Eq. (17) Figure 6 that the neo-Hookean stress response is a horizontal line consistent with the fact that it is constant, see Eq. (17). Beatty's is the only limited-stretch model of rubber elasticity discussed here to predict a stress response less than that of the Arruda-Boyce model. Warner's stress response is slightly greater than Gent's, as is indicated by Eqs. (19) 2 and (24). The strain energy W is depicted in Figure 7 for the same models of rubber elasticity as are depicted in Figure 6 . We see in Figure 7 that the neo-Hookean strain energy is a straight line of slope 1/2, consistently with Eq. (16). Beatty's is the only limited-stretch model of rubber elasticity to predict a strain energy less than that of the Arruda-Boyce model. Warner's strain energy is slightly greater than Gent's, as is clear from Eq. (26) . For the rest of this section we consider only those models which may be regarded as approximations to the Arruda-Boyce model. Figure 8 depicts the stress response in those models of rubber elasticity that may be regarded as approximating the Arruda-Boyce [1] eight-chain model; these are the models of Puso [21] , Cohen [8] , our new model Eq. (58), Treloar [24] , and our modification of Treloar's model Eq. (66). Figure 9 does the same thing for the strain energies in each of the models. In both figures we see that the models all agree pretty well with each other and with the Arruda-Boyce model. We shall examine the precise degree of agreement between all these models later in Table 1 . [24] , and our modification of Treloar's model Eq. (66). It can be seen that they agree very much with each other and this is explored further in Table 1 .
Figures 11, 12 and 13 compare biaxial tension, pure shear and simple shear, respectively, for the same models. They all agree pretty much, see also 
Stress
Strain
Uniaxial Biaxial Pure Simple Model response energy tension (6) tension (7) shear (8) In the first two columns, Table 1 The final four columns of Table 1 provide the mean percentage errors for the same models for uniaxial tension T Table 1 we see that the new model has only about a fifth of the error of Cohen's model for the strain energy and the tensions in uniaxial tension, biaxial tension, pure shear and simple shear. For the stress response, in the first column, the new model has only 2/3 of the error of Cohen's. This increased error of the new model is perhaps because we are taking the average over the full range of possible values of I 1 , namely, 3 ≤ I 1 < 60, whereas for the other entries in Table 1 the stretch does not approach its maximum value. If I 1 is restricted so that 3 ≤ I 1 < 47.5, it can be shown that the mean percentage error for Cohen's model is 3.24% whereas that for the new model is only 0.56%. It follows that Cohen's model is a better approximation than the new model close to the singularity of the inverse Langevin function. The reason for this is clear. Cohen's model captures the position and the nature of the singularities of the inverse Langevin function exactly; both have simple poles at x = ±1, each with residue −1. The new model also has simple poles at x = ±1 but the residues are now −9/10. This small discrepancy close to the singularities will not have much effect in practice.
Conclusions
In this paper we have compared various limited-stretch models of rubber elasticity, some from continuum mechanics and some from statistical mechanics, that are dependent on only the first invariant I 1 of the left Cauchy-Green strain tensor. Exceptionally, the James and Guth [17] three-chain model depends separately on each of the principal stretches. All the models discussed have two material constants, a shear modulus µ and the maximum value I m of the first invariant I 1 . It has been well documented in the literature that with only these two material constants good agreement can be obtained between theory and experiment. For example, Boyce [5] directly compares the Gent and Arruda-Boyce eight-chain models, concluding that they agree well with experiment and with each other.
